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Abstract 

We present a systematic account of supergravity theories in which the global 
scaling symmetry is gauged. This generalizes the standard gaugings of non- 
abelian off-shell symmetries. A particular feature of these theories is an 
additional positive contribution to the effective cosmological constant. 

As the scaling symmetry is an on-shell symmetry, the resulting gaugings 
do no longer possess an action. We develop the algebraic framework for the 
maximal theories in various dimensions and construct explicit solutions to 
the algebraic consistency constraints — related to "pure-spinor-like" struc- 
tures for the exceptional groups. As an example, we explicitly work out 
the modified supersymmetry transformation rules and equations of motion 
in three dimensions. Finally, we speculate about the role of these theories 
from the perspective of very extended Kac-Moody algebras. 
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1 Introduction 

Einstein's equations of general relativity possess a well-known global symmetry under 
conformal rescaling of the metric 

g^^ gf,u , (1.1) 

with constant A. As the Einstein-Hilbert Lagrangian scales according to £eh — *■ 
|;]2is symmetry is off-shell realized only in D = 2 space-time dimensions. 



1 



The global scaling symmetry extends to supergravity theories in all dimensions, with 
gravitinos and matter fields scaling with different weights under (11 .ip . in particular, 
p-forms scale with weight p and scalars fields are invariant. In this context it is of- 
ten referred to as a trombone symmetry and plays an important role e.g. among the 
spectrum-generating symmetries for the fundamental BPS solutions [1]. 

In addition, the maximal supergravity theories admit rather large global symmetry 
groups, given by the exceptional groups G = E„(„), which (at least in odd dimensions) 
are genuine off-shell symmetries of the actionj^ These have first been revealed in four- 
dimensional maximal supergravity [2] and we will refer to them as duality (or Cremmer- 
Julia) symmetries, see [3] for a review. In fact, the trombone symmetry (11.11) plays 
an important role in the realization of the Cremmer- Julia groups En{n) in the various 
dimensions. Recall that maximal supergravities are obtained by dimensional reduction 
of the eleven-dimensional theory [1] on an n-torus. From the eleven-dimensional point 
of view there are two scaling symmetries inherited to the D = (11 — 'n,)-dimensional 
theory. Apart from the trombone symmetry (II. ip of eleven- dimensional supergravity, 
a rescaling of the n-torus 

— i> (yy\ i = 1, . . . ,n , for the coordinates of the torus , (1.2) 

is part of the eleven-dimensional diffeomorphisms and translates into a particular rescal- 
ing of the D-dimensional fields. From the D- dimensional point of view, it is however 
more natural to consider particular combinations of the two scaling symmetries (11.11) . 
(II. 2p : Choosing a = A defines a scaling which leaves the scalars of the D-dimensional 
theory invariant — this is the D-dimensional trombone symmetry (II. ip . On the other 
hand, choosing a = A^/" defines a scaling which leaves the D-dimensional metric (in 
the Einstein frame) invarianti this symmetry is part of the Cremmer- Julia group em- 
bedded as GL(1) C GL{n) C E„(„) . This shows how higher-dimensional trombone 
symmetries naturally merge with the lower-dimensional duality groups. 

It is well known that certain subgroups of the global Cremmer- Julia symmetry 
groups E„(„) may be promoted to local symmetries while preserving all supersymme- 
tries O El [7] . The resulting gauged supergravities exhibit non-abelian gauge groups, 
additional couplings and in particular a scalar potential. The construction of these 
theories can be systematically performed using the group-theoretical framework of [H 
El [ini HI] which allows to characterize the various gaugings in terms of a single tenso- 
rial object, the embedding tensor G, subject to a number of algebraic constraints that 
encode the consistency of the theory. In view of the close relation of the Cremmer- Julia 
groups En{n) and the trombone symmetry (11.11) in dimensional reduction, it seems nat- 
ural to also consider the possible gaugings of the trombone symmetry. This is what we 
are going to address in this paper. 

^The notation E„(„) refers to the split form of the exceptional group E„. 

^In the reduction to 13 = 2 dimensions (rt = 9), this scaling degenerates as a sign of the fact that 
in two dimensions the theory cannot be cast into the Einstein frame. 
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Table 1: The embedding tensor in maximal super gravity in various dimensions. T^adj and TZ^ 
denote the adjoint representation of the global symmetry group G and the representation in 
which the vector fields transform, respectively. The tensors and 9 denote the components 
of the embedding tensor, the latter also induce a gauging of the trombone symmetry (II. ip . 

Certain theories with local trombone symmetry have already appeared in the lit- 
erature. A straightforward way to obtain such theories is by performing a standard 
Scherk-Schwarz reduction [12] twisting the fields with the higher-dimensional on-shell 
symmetry flLlI) . Applying this to the circle reduction of eleven-dimensional super- 
gravity gives rise to a one-parameter deformation of the ten-dimensional IIA theory 
with maximal supersymmetry [13l [H] which is different from Romans' massive su- 
pergravity [15]. In particular, this theory does not have an action and admits a de 
Sitter vacuum. According to the discussion above, from the ten-dimensional point of 
view this theory corresponds to the gauging of a linear combination of the D = 10 
trombone symmetry and the off-shell GL(1) symmetry. It has been further studied 
in [T6l \T7\ UHl EH] . Other examples of such theories have been obtained in lower dimen- 
sions by studying analogous generalized Scherk-Schwarz reductions to nine and to six 
dimensions p0l[2n[22]. 

In this paper we will set up a systematic framework for the classification and con- 
struction of these theories. We follow the group-theoretical approach of [H [9l [TOl [11] , 
in which theories with a local trombone symmetry (11.11) simply correspond to the 
introduction of additional components 6m in the embedding tensor. This allows to 
straightforwardly derive consistency conditions on such gaugings and to construct ex- 
plicit examples exploiting the structure of the underlying symmetry groups. As it 
turns out, the additional components in the embedding tensor generically induce a 
simultaneous gauging of the trombone symmetry (11. ip and a subgroup of the duality 
group G. 

In table [T] we have collected the representations in which the embedding tensor 
transforms for the maximal supergravities in various dimensions. The standard gaug- 
ings are described by a tensor 9 inducing gauge groups that are subgroups of the 
duality group G and do not include the trombone symmetry (II. ip . This tensor trans- 
forms in a particular subrepresentation of the tensor product 7?,adj ® "^v* of the adjoint 
representation of G and the representation dual to the vector fields of the theory. The 
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corresponding theories have been constructed in |8l [TOl [23l [211 [251 [26] . The theories we 
will construct in this paper allow for additional components in the embedding tensor, 
combining into a vector 9 which transforms in the representation 7?.v*. Note that in 
two dimensions the two objects G and 6 coincide (in fact, this observation triggered 
the present investigation). As a consequence, in two dimensions gaugings generically 
include a local trombone symmetry (11. ip . in accordance with the fact that m D = 2 
dimensions this symmetry becomes off-shell — more precisely it builds the central ex- 
tension of the affine global symmetry group Eg(g) [27]. Moreover, this indicates that 
the new theories we present in this paper are particularly interesting from the unifying 
point of view of the extended Kac-Moody algebras Eio [2B] and En |2S], conjectured 
to underlie eleven-dimensional supergravity and its compactifications. We will come 
back to this in the conclusions. 

The rest of this paper is organized as follows. In section [2] we set up the general 
formalism in order to describe a theory with local scaling symmetry (11.11) . In the gravity 
sector this introduces new minimal couplings between the metric and a vector field 
which modify the Einstein equations. In the full theory we describe the simultaneous 
gauging of a subgroup of the duality group G and the scaling symmetry (11.11) by 
an embedding tensor B which completely encodes the theory. With respect to the 
standard constructions, the possibility of a local scaling symmetry translates into a 
set of additional components 6m of the embedding tensor. We derive the quadratic 
constraints on the embedding tensor which encode consistency of the gaugings. 

In section [3] we work out the details of the construction for all maximal supergrav- 
ities in dimensions 6 > > 3. The analysis relies on the particular properties of the 
global symmetry groups S0(5, 5), E6{6), E7(7), and E8(8) of these theories. In particular, 
we investigate the class of gaugings which is exclusively triggered by the new compo- 
nents 6m of the embedding tensor. In this case, the quadratic consistency constraints 
reduce to a simple set of equations that for SO(5,5) reduce to the well-known "pure- 
spinor" condition and to its higher-rank analogues in the other dimensions. We present 
the explicit solution of these quadratic constraints. 

Subsequently, in section [H we analyze the compatibility of the gaugings with su- 
persymmetry. For the case of the three-dimensional theory we derive the full set of 
deformed equations of motion and show closure of the supersymmetry algebra. We 
find that a particular effect of the theories with local scaling symmetry is a positive 
contribution to the effective cosmological constant. We close the paper with some 
speculations on the possible role of these new theories in the unifying framework of the 
extended Kac-Moody algebras Eio and En. 
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2 Gauging the scaling symmetry 



In supergravity theories, the trombone symmetry fll.ll) extends to the full bosonic field 
content: the metric and the antisymmetric p-forms infinitesimally scale as 

5g^y = 2\g^^, 5A^^,„^^ = pAA^,...^^, (2.1) 

respectively, with a constant parameter A, while scalar fields remain invariant. The 
fermionic fields on the other hand transform as 

6% = iAV-M, = -|Ax, (2.2) 

for gravitinos tp^ and spin-1/2 fermions respectively. It is easy to check that under 
this symmetry all kinetic terms of the Lagrangian scale homogeneously as 

5/:ki„ = (/^-2)A/:kin. (2.3) 

It is a non-trivial property of supergravity theories that also all interaction terms 
scale with the same weight. In particular, this restricts the topological terms to two- 
derivative terms. 

In the following we will consider gaugings of supergravity in which the trombone 
symmetry (12.11) . (12. 2p becomes a local symmetry. Following the standard procedure, 
this is achieved by introducing covariant derivatives 

= d^-Af,to, (2.4) 

where to denotes the generator of the trombone symmetry. However, this cannot be 
the full answer. Consistency implies that the vector field itself must not be charged 
under the symmetry it is gauging. This shows already that the local gauge symmetry 
cannot simply be the scaling symmetry (12. ip . (12.20 under which all vector fields are 
charged. Rather, gauging of the scaling symmetry must be accompanied by a gauging 
of other generators of the global symmetry group G of the theory — which however is 
invisible in the gravity sector. Indeed, this is what we will find in the following. 

2.1 Gravity sector 

To begin with, we will study the gravity sector with local scaling symmetry (12. ip . i.e. 
introduce covariant derivatives (12. 4p in Einstein's equations. Since eventually we are 
interested in supergravity, we use the formulation in terms of the vielbein with 
curved indices /i, z/, . . . and fiat indices a,b,.... As a first step, the standard spin 
connection a;^"'' defined by 

= V{uj)[^e,f = + (2.5) 

is replaced by a covariantized object o)^"'' defined by 

= D[^e,]'^ + ^:^[/'e,]6, (2.6) 
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with the covariant derivative from (12.41) . Exphcitly, this yields 

2/' = <'-2e^["e^]M, , (2.7) 

for the modified spin connection which is uncharged under the scahng symmetry. It is 
important to note that this covariantization of the spin connection may equivalently 
be interpreted as the adding of a torsion trace term T^^ = 2^[^e,^]"EI Likewise, we 
define the covariantized Riemann tensor as 

T^ni,"''' = 2 LJi,f^ + 2 uj^^J' 

= i?^/^ + 4 e[^["V(cu).]^^l + 4 e[^[<^ A]^" - 2 e[/e,]% A . (2.8) 

By construction it is invariant under gauge transformations 

<5e/ = A(x)e/, 5A^ = d^Xix) . (2.9) 

The covariantized Riemann tensor (12.81) no longer possesses the symmetries of the 
standard Riemann tensor: the first Bianchi identity is modified to 

with the abelian field strength jF^j, = 2d[^Au]- For later supergravity calculations we 
also note the relation 

n,u'''Y^''lab = 4(^(^^)-i^^^:^)7p-2(D-3)7'"^'^J-^,-2(D-2)^''^p, 

(2.11) 

with 7-matrices in D space-time dimensions, and the Ricci tensor Tlfj^^ = TZ^pJ' e}f and 
Ricci scalar Tl, = g'^'^TZf^u ■ Explicitly, the latter are given bjfl 

ni^.u) = R^.u + {D-2) (V(^A) + + gp. {v^Ax -iD-2) A^Ax^ , 

n = R + 2{D-1) g^^VxAp -{D-l){D-2) AxA^ . (2. 12) 

The covariantized Einstein equations (in absence of matter) thus are 

n^pu)-lngp. = o, (2.13) 

and manifestly invariant under (12.91) . In the theories we will consider, additional matter 
will always be present, in particular a gauge field sector which includes the vector 
field Ap, such that the right-hand side of the Einstein equations will be non-vanishing, 
see e.g. equation (14.411) below. One may verify that equations (12.131) do no longer 
descend from a standard action which is expected since we have gauged a symmetry 
that was not off-shell realized. 

In the following we will extend the gauging to the remaining matter fields of su- 
pergravity. In particular, we need to identify among the supergravity gauge fields the 
vector field Ap used in all covariant derivatives. 

•^The equivalence breaks down once we consider additional matter in the theory. 
^Our notation here is such that in these equations refers to the covariant derivative V(r)p in 
presence of the standard (non-covariantized) Christoffel symbols F^^^. 
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2.2 Embedding tensor 

Extending the gauging to the full theory is conveniently described by resorting to the 
group-theoretical formalism developed in [HI El [101 [H]- As we have discussed in the 
introduction, the full global symmetry group of the ungauged theory is given by the 
direct product M"^ x G where the first factor describes the scaling (12.11) . (12. 2p and the 
second factor is the standard duality group. We will denote the total set of generators 
by {ta} = {to, ta}, a = 0, . . . , dim G, where to denotes the generator of and the ta 
denote the generators of G. The latter satisfy commutation relations 

[ta,t^] = fa/3^t^. (2.14) 

The vector fields A'^ in the ungauged theory transform in some representation TZ^ of 
G labeled by M = 1, . . . , dim 71^, and carry charge +1 under M"*" according to (12.11) . 
A general gauging is defined by introducing covariant derivatives 

= d^-gA^'eM^'U = eM°to-^7^f eM^ta, (2.15) 

in terms of an embedding tensor Oa/" which describes the embedding of the gauge 
group generators Xm = ©m^^q, into the symmetry group of the ungauged theory. In 
addition, we have introduced the gauge coupling constant g. It can in principle be 
absorbed into the embedding tensor. 

According to its coupling the embedding tensor carries charge —1 under R+. Its 
component 6m = ©a/^ transforms under G in the representation 71^* dual to 71^. It 
selects the vector field that gauges the R^-symmetry. Comparing (12.151) to (12. 4p we 
identify 

A, = gOMA^. (2.16) 

The remaining part of the connection (12.151) involves the generators of the duality 
group G and is thus invisible in the gravity sector discussed above. It is defined by 
the component ©m" of the embedding tensor which a priori transforms in the tensor 
product 

7^v*®7^adj = 7^v, © ... , (2.17) 

with T^adj denoting the adjoint representation of G. For gaugings that do not involve the 
scaling symmetry M"*", it is known that supersymmetry restricts the allowed choices for 
©m" to only very few of the irreducible representations on the r.h.s. of (I2.17p . see e.g. [9]. 
In particular, in the maximal theories (for 3 < D < 7), the "trace part" T^v* in this 
tensor product is always forbiddenjf] In D = 2 space-time dimensions on the other hand, 
the picture is quite the opposite: the gaugings are precisely parametrized by the "trace 

^ In the half-maximal theories, the representation T^v* appears with multiplicity 2 on the r.h.s. of 
(|2.17[) and supersymmetry implies a linear relation between these two representations |3Qj . The same 
happens for the maximal theories in D = 8, 9, where the group G is no longer simple [20j . 
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part" T^v* on the r.h.s. of (12 .171) . i.e. gaugings are described by a vector 6m transforming 
in the basic representation of the infinite-dimensional affine algebra £9(9) [25j. From 
a unifying point of view of the gauged supergravities this is somewhat unsatisfactory; 
upon dimensional reduction the algebraic structures in higher dimensions are typically 
embedded into the lower- dimensional structures described by higher-rank Kac-Moody 
algebras. We will see that precisely the theories that involve a gauging of the trombone 
symmetry close this gap and allow for a non- vanishing T^v^, in (12.171) also in dimensions 
D > 2. Recall that only in D = 2 dimensions, the trombone symmetry is part of the 
off-shell symmetries of the action and shows up as the central extension of the affine 
algebra £9(9). 

Our general ansatz for the embedding tensor and thus for the connection in (I2.15p 
is the following: 

0M° = Om , ©m" = ©A/" + C ^Af (^")m^ , (2-18) 

where we have split 9m" into a "traceless" part satisfying Qm"" {ta)N^^ = and its 
"trace part" , corresponding to the representation T^v* on the r.h.s. of (l2A7Il FI As this 
second term is forbidden in the standard gaugings, it is natural to assume that it 
comes proportional to the same vector 6m that triggers the gauging of the trombone 
symmetry via 0m°- We will explicitly verify this assumption. All that remains in this 
ansatz is to determine the proportionality constant (, which must be done case by case, 
i.e. in dependence of the space-time dimension and the number of supercharges. 

To this end, we recall that a generic gauging introduces non-trivial couplings be- 
tween vector fields and the antisymmetric two-form tensors. E.g. the non-abelian field 
strength of the vector fields receives corrections of the Stiickelberg type [TOl |TT] 

— K - ^it + aZ'^PQE^^^, (2.19) 

with two-forms Bj^^ and the intertwining tensor given by 

Z^PQ ^ (t<i)(P^^eQ)^ . (2.20) 

In particular, this tensor encodes the field content of two-forms in the theory: as in 
general in its indices PQ it does not project onto the full symmetric tensor product 
TZv ® TZv, but rather satisfies some non-trivial projection 

Z'^PQ = Z'^Rs^^'pQ, (2.21) 

also the two-forms will only appear under projection with P, see [TTII3T] for details. We 
will take this projection as a guide to determine the constant ( in (I2.18P : the projector 
P in (I2.2ip and thus the two-form field content should be the same in presence and 

® Here and in the following, we raise and lower adjoint indices with the invariant metric Kap = 
TT[tat/3] which is related to the Cartan-Killing form riaf3 as Kq,/3 = Cv(dim7?.v)/(dim7?.adj) fjap with the 
Casimir operator Cv in the vector field representation. 



8 



in absence of an ]R+-gauging. In particular, this is necessary because the two-form 
field content of the theory is fixed by supersymmetry. We will further illustrate this 
argument and the calculation in section [3] in several examples. Later in section H] we 
also explicitly confirm consistency of the ansatz fl2.18l) with supersymmetry. 

2.3 Quadratic constraints 

Before applying the above construction to various theories, let us collect a few general 
formulae and relations. With the ansatz fl2.18p for the embedding tensor, the generators 
of the gauge group evaluated in the vector field representation are given by 

{Xm)n'' = eM"(ta)7v'" = eM"(U^'" + (c(nM''(^a)7v''-5M)^p- (2.22) 

In particular, this gives an explicit expression for the intertwining tensor Z from fl2.20p 

Z'^PQ = (t«)(P^eQ)"+(cr)p(^(OQ^)-5f5j))^L, (2.23) 

from which we will determine the values of ( in the examples below. In every partic- 
ular theory, supersymmetry will constrain the possible form of Qm"', this gives rise to 
the so-called linear representation constraints on the embedding tensor. In addition, 
consistency requires the components 9m, ©a/" of the embedding tensor to satisfy a 
set of rather generic quadratic constraints. These express the fact that the embedding 
tensor itself is invariant under the action of the gauge group. Evaluating this condition 
for the different components gives rise to the equations 

= 6m 9n = QM°'6a9N 

= {t^)N'^ ©A/^ 9q + (C (t^)Af'"(t^)jv^ - 44) dK9L , (2.24) 

and 

= <5p©m" = ep^(t^)M^©Jv" + ©p''//3/0A/^ 

+ (C 5| (t^)p'5(t.)M^ - C //3/ 4 (t^)p^ - 4 OqQn' . 

(2.25) 

Together, they guarantee in particular that the gauge group generators (12.221) satisfy 

[Xm^Xn] = —{Xm)n^Xk, (2.26) 

i.e. these constraints ensure closure of the gauge algebra. We will show in the following 
for various theories that every set of 9m, ©a/" that satisfies the given linear representa- 
tion constraints and the quadratic relations fl2.24p . (12.251) defines a consistent gauging 
which in case 9]\j ^ involves a gauging of the trombone symmetry. 

Let us finally note that the quadratic constraints (I2.24p . (I2.25P in particular imply 
the relations 

9m Z^ pq = = ©A/" Z^ pQ , (2.27) 

i.e. orthogonality between the embedding tensor and the intertwining tensor Z from 
(I2.23p . This plays an important role in the hierarchy of antisymmetric p-forms [TT1I3I]. 
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3 Algebraic structure in various dimensions 



In this section, we work out the above construction for the maximal supergravities in 
dimensions Q > D > 3, for which the global symmetry groups are given by SO(5,5), 
E6(6), E7(7), and £§(8), respectively. We determine for the various cases the value of the 
parameter ( in (12.181) . which completely fixes the algebraic structure. Furthermore, we 
evaluate the quadratic constraints fl2.24p . (12.251) and show that they admit non-trivial 
solutions. As a result we obtain the full set of consistency constraints for gaugings that 
involve a local trombone symmetry (II. ip . 

We will discuss in most detail the case D = 6 in which the symmetry group is the 
smallest and accordingly the algebraic structures are the simplest ones. Subsequently, 
we report the results in lower dimensions which are obtained in complete analogy with 
slightly bigger computational effort. 

3.1 D = 6 

The ungauged theory in D = 6 dimensions was constructed in [32] , its general gaugings 
were given in [26], to which we refer for details of the structure. The global symmetry 
group of the ungauged theory is the orthogonal group SO (5, 5). Vector and two-form 
fields of this theory transform in the 16c and 10 representations, respectively, with the 
generators ta = given by 

(ti,)Af^ = ili,)M'' , = ^Vk[i5j], (3.1) 

respectively. Here, j, . . . = 1, . . . , 10, and M,N = 1, . . . , 16, label the vector and the 
spinor representation of S0(5, 5), respectively. The tensors rjij and {■yij)M^ denote the 
invariant form and the gamma matrices of SO (5, 5), respectively. We use the former 
to raise and lower vector indices. A non-trivial relation among the generators that we 
will exploit in the following, i^ 

(3.2) 

which can be proven by further contraction with gamma matrices. 

The embedding tensor Om" describing the generators within the duality group 
S0(5, 5) a priori lives in the tensor product 

16, ® 45 = 16, © 144c © 560s , (3.3) 

where 45 is the adjoint of SO(5,5). In absence of the M^-gauging, supersymmetry 
restricts the embedding tensor Om" to the irreducible 144^ representation in this de- 
composition [9l[26j. I.e. it can be parametrized in terms of a gamma-traceless vector- 
spinor 6'^* as 

Bm'^ = -e^'^'l'^NM, with j,mnO''' = 0. (3.4) 

^ As mentioned above, adjoint indices are raised and lowered with the invariant form = Tr[tQt^] 
which here is given by Ky ^j = —S2 Si^f^S^j . 
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In this case, the intertwining tensor (12.201) is given by 



= = -{1^)PQ0''\ (3.5) 

where we have used the properties of the SO (5, 5) gamma matrices. The form of (13. 5p 
shows that in indices (PQ), this tensor projects onto a subrepresentation 

(16,®16,)sym 10, (3.6) 

within the full symmetric tensor product. According to the general discussion above, 
this must reproduce the field content of the two-forms of the theory. E.g. the general 
coupling (I2.19P reduces to 

K = ^^-90'''B,^., (3.7) 

with two-forms B^,^i = {.li)pQB^^ transforming in the 10. Indeed, this precisely 
coincides with the field content of the ungauged theory. Remarkably, this gives a 
purely bosonic justification of the restriction of the embedding tensor within (13.31) . 
Any other component in 0m" would have required a larger set of two-forms and thus 
be in conflict with the field content of the theory (which in turn is determined by 
supersymmetry) . 

Let us now repeat this analysis in presence of an M"'"-gauging, i.e. for non-vanishing 
tensor 6m- In this case, the gauge group generators (12.221) are given by 

Xmn"" = -^"7'LAf(7.,)iv'^-MC(7*')M''(7.,V^L (3.8) 
Using (13. 2p . we obtain for the intertwining tensor Z of (12.231) 

Z''PQ = -(7.)pQ(^*'^ + |(7T''^^L)+(i-l)5f/^Q). (3.9) 

Comparing this tensor to (13.51) shows that choosing C, = 16/5, Z projects onto the same 
subspace (13.61) as in absence of the M"'"-gauging 

Z'^PQ = (7.)pQ Z""^ , = - - I (Y)^^ Ol . (3.10) 

Any other value of ( would require a larger set of two-forms for consistency of the 
gauged theory and thus eventually be inconsistent with supersymmetry. 

To summarize, we have found that the presence of a 16s component in the embed- 
ding tensor (13. 3p is possible, if simultaneously the trombone symmetry is gauged. 
The explicit ansatz for the gauge group generators is given by (13. 8p with ( = 16/5. This 
finishes the discussion of the linear representation constraint satisfied by the embedding 
tensor in presence of an M+-gauging. 

It remains to evaluate the quadratic constraints (I2.24p . (I2.25P required for consis- 
tency of the gauging. The constraints (12.240 split into 

^^^)K[M qN]^ 0^ = 0, O^'^Ok = -|(y)^^^/r^L, (3.11) 
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in terms of the irreducible components and Ok- These constraints, which are 
automatically satisfied for Ok = ^ transform under SO(5,5) in the 120 and the 10 
representation, respectively. Note that the part transforming in the 126^ + 126c which 
could in principle be present in fl2.24p is absent in fl3.1ip . thanks to the particular 
choice of C,. This is crucial for the existence of non-trivial solutions. Some computation 
shows that the remaining quadratic constraints fl2.25p may be cast into the form 

transforming in the 10 © 126c © 320 of SO (5, 5) and showing explicitly how the known 
quadratic constraints of [26] are modified by the presence of a non- vanishing 9m- 

Every solution 6m^ of the combined set of quadratic constraints (13.110 . fl3.12p 
will give rise to a consistent gauging of the maximal supergravity in D = 6. We have 
shown that this complete set of constraints transforms as 

7^quad = (10 ©126c ©320) ©(10© 120) , (3.13) 

of which the last two representations correspond to (13. lip and are only relevant for a 
non- vanishing 6m- An important non-trivial result in this computation (which again 
hinges on the particular value oi ( = 16/5 in (I2.18P determined above) is the absence of 
the 1728 representation in (13.120 which is a priori possible in (I2.25p . As it constitutes 
the major part of the tensor product 6^'^®9ki a mixed constraint in this representation 
would presumably exclude any solution with both 6'*^* and 9k non-vanishing. Instead, 
we expect a rather rich class of solutions of the quadratic constraints (13. lip . (I3.12p 
with simultaneously non- vanishing 6^^"^ and 6k- We leave the study of such theories to 
future work. 

Let us analyze here in detail the subclass of gaugings with 6^'^ = 0, which are thus 
complementary to the gaugings studied in [26] . These theories are parametrized by an 
SO (5, 5) spinor 6m for which the constraints (13.110 reduce to 

ilif''6K6L = 0. (3.14) 

Funny enough, this is precisely the structure of an SO (10) pure spinor (albeit for a dif- 
ferent real form than the usual S0(1, 9)) that shows up in a very different context here 
— classifying a particular subsector of possible gaugings in maximal six- dimensional 
supergravity. We can use this to employ the well-known parametrization of the general 
solution of this quadratic constraint upon decomposing 6m into its GL(5)-irreducible 
parts (^, C,"^, C,[m.n]) with m,n = 1, . . . ,5, according to the branching 

16, — > r^©5'+^©10-\ (3.15) 

of SO (5, 5) under GL(5). In terms of these components, the quadratic constraint (alias 
the pure spinor condition (I3.14p ) decomposes into the conditions 

= e'^'^'P" ^ki^,, , rUn = 0, (3.16) 
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with the totally antisymmetric tensor e^^^^i. On a patch with 7^ 0, these equations 
are simultaneously solved by setting 

r = e'^''''"ikii„/i, (3.17) 

leaving 11 independent real parameters (^,^mn) in the general solution. 

We have thus found a particular class of maximal supersymmetric gaugings defined 
by 6m = {^,^"^,^[mn]) with ^"^ given in (13.171) . Moreover, this is the most general 
gauging with the components = 0. As GL(5) is the global symmetry group of seven- 
dimensional maximal supergravity, it is tempting to speculate that these theories have 
a possible higher- dimensional origin as particular (generalized) circle compactifications 
from seven dimensions. In the following we will see that a very similar pattern shows 
up for the analogous class of gaugings in lower dimensions. 

3.2 D = 5 

The ungauged theory in D = 5 dimensions was constructed in |33j, its general gaug- 
ings were given in \101 . The global symmetry group of the ungauged theory is Ee(6) . 
Vector and two-form fields of this theory transform in the mutually dual 27 and 27 
representation. In the ungauged theory, only the vector fields appear in the Lagrangian 
while the two-forms are defined as their on-shell duals. A non-trivial relation among 
the Ee(6) generators that we will exploit in the following, is 

{t'^)M^{ta)N^ = JgS^S^ + l^^d^^ ~ ^dMNpd^^^ , (3.18) 

where (Imnk and d^^'^^ are the totally symmetric E6(6) invariant tensors, normalized 
as duNKd^^^ = Sj^, see [10] for further useful relations. 

The embedding tensor 0m" a priori lives in the tensor product 

27® 78 = 27 ©351 © 1728, (3.19) 

where 78 is the adjoint of E6(6). In absence of the M"^-gauging, supersymmetry restricts 
the embedding tensor Qm°' to the 351 representation in this decomposition [9l[Tn]. I.e. 
it can be parametrized in terms of an antisymmetric matrix Z'^^ = —Z^^^ as 

Gm" = 12Z^«(t")/rf^^^rfMP;^ci5QL. (3.20) 
Using f l3.18p . we obtain for the full intertwining tensor Z of fl2.23p 

Z"'PQ = rfpQ^(Z^^^-f rf™^Q) + (f -1)V/^Q)- (3.21) 
This shows that choosing ( = 9/2, this tensor simplifies to 

Z''PQ = dpaLiZ^'^-'id^'^^OQ) ^ dpQ^Z''^ (3.22) 

and thus projects onto a single subrepresentation 

(27®27)sy„, 27, (3.23) 
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within the full symmetric tensor product, and thus onto the same subspace as in 
absence of the R"'"-gauging. This is precisely compatible with the two-forms present in 
the theory. Any other value of ( would for consistency require a larger set of two-forms 
and thus be incompatible with supersymmetry. 

It is interesting to note, that in absence of the M"'"-gauging, the tensor of f l3.22p 
is totally antisymmetric and as such also shows up in the topological coupling of the 
two- forms in the action CsdB = Z^^'^ Bm /\ dBjq. The fact that for non- vanishing 6k 
this tensor is no longer antisymmetric reflects the fact that the R"'"-gaugings in general 
do no longer admit an action. 

It remains to evaluate the quadratic constraints fl2.24p . fl2.25p required for consis- 
tency of the gauging. The quadratic constraints fl2.24p split into 

Z'^'^ORdpKMdQLNd'''''' = 0, Z'^'^'On = ISrf^^^^^^i, (3.24) 

in terms of the irreducible components Z^^^ and Ok- These constraints, which are 
automatically satisfied for 9m = transform under E6(6) in the 351 and the 27, re- 
spectively. After some computation, the quadratic constraints fl2.25p take the form 

4(t„)^^ Z^^'Z^'^dRSL + 3{t^)K'' Z^'^Ol + 3(ta)i^^ Z^'^Ol = . (3.25) 

The first term transforms under E6(6) in the 27-1-1728 [ID], and the form of fl3.25p shows 
that the additional terms (upon imposing (I3.24p ) fall into the same representations. 
I.e. the total quadratic constraint transforms as 

7^quad = (27 © 1728) © (27 351) , (3.26) 

of which the last two representations correspond to fl3.24p and are only relevant in 
presence of an M^-gauging. An important non-trivial result in this constraint analysis 
(which again hinges on the particular value of C = 9/2 in 02.180 ) is the absence of 
the 7371 representation which is a priori possible in (13.250 . As it constitutes the 
major part of the tensor product Z^'^^ © Ok-, its presence among the constraints would 
presumably exclude any solution with both Z^'^^ and 9k non-vanishing. 

Let us finally discuss the particular gaugings for which Z^'^^ = and which are 
thus complementary to those constructed in [TD]. In this case, the only non-trivial 
quadratic constraint on the remaining component 6k comes from (13.240 and is given 

by 

d^iKLQ^Q^ = 0. (3.27) 

This condition can be viewed as the "analogue of a pure spinor" (I3.14p for the excep- 
tional group E6(6). We can employ a similar technique to explicitly solve it. To this 
end, we decompose Om into its (SO(5,5) x M+)-irreducible parts (A, Aj, A^) according 
to the branching 

27 — ^ 1+^ © 10"^ © 16+^ . (3.28) 
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The quadratic constraint fl3.27p accordingly decomposes into the equations 



AA, = {l^r^K\p. {iT^Wp = 0, A,Y = 0, (3.29) 

with the SO(5,5) tensors (7i)"'^ introduced in the last subsection^] On a patch where 
A 7^ 0, these equations are simultaneously solved by setting 

A. = (7.)"^A„A^/A. (3.30) 

This is straightforwardly verified using the well-known identity (7*)*-°^(7i)''''''' = for 
SO(5,5) gamma-matrices. In total, this leaves 17 independent real parameters (A, Aq.) 
for the general solution of (I3.27p . 

3.3 L> = 4 

The ungauged theory in D = 4 dimensions was constructed in [2J, its general gaugings 
were given in [21] . The global symmetry group of the ungauged theory is £7(7) . Vector 
and two-form fields of this theory transform in the 56 and the adjoint 133 representa- 
tions, respectively. In the ungauged theory, only 28 electric vector fields appear in the 
Lagrangian while their 28 magnetic duals are defined on-shell. Similarly, the two-forms 
are defined on-shell as duals to the scalar fields of the theory. 

A non-trivial relation among the £7(7) generators that we will exploit in the follow- 
ing, is 

{t°')M^ {ta)N^ = ^^M^N + Tl^M^N + {t'^)MN i^a)^^ — -^^MN , (3.31) 

where the fundamental indices have been raised and lowered with the symplectic matrix 
^MN (and we use north-west south-east conventions, i.e. X'^ = Q'^'^X^, etc.). 
The embedding tensor 6 a priori lives in the tensor product 

56 ® 133 = 56 © 912 © 6480 . (3.32) 

In absence of the M"'"-gauging, supersymmetry restricts the embedding tensor 0m" 
to the 912 representation in this decomposition 0,1211, i-e. to a tensor satisfying the 
condition 6^/" = -2(t^ r)^^ O^v^. 

Using (13.311) . we obtain for the full intertwining tensor Z of (12.231) 

Z'^'PQ = (OpQ(-i0x°fi^^^ + C(tX''^L)+(|-l)5fi^Q). (3.33) 
This shows that upon choosing ( = 8, this tensor simplifies to 

Z^'PQ = -i(ta)pQ(e"'"-16(U'"^^L) = (t„)pQ^^", (3.34) 

^In contrast to the last subsection, we here use indices a, f3 for the SO (5, 5) spinor representation, 
as capital indices M, N in this section are reserved for the Eg(g) fundamental representation of the 
vector fields. 
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and thus projects onto a single subrepresentation 

(56 56)sym — > 133 , (3.35) 

within the full symmetric tensor product, which is the same subspace as in absence of 
the M"'"-gauging. This is precisely compatible with the content of two-forms present in 
the theory. Any other value of ( would for consistency require a larger set of two-forms 
and thus be incompatible with supersymmetry. 

It remains to evaluate the quadratic constraints fl2.24p . fl2.25p required for consis- 
tency of the gauging. The quadratic constraints (12.241) split into 

(t-y)[A/'^0jv]^^Q = 0, i]^«ep"^^Q = -wirf^eKOL, (3.36) 

transforming in the 1539 and the 133 of £7(7), respectively. As in the higher dimen- 
sions discussed above, the quadratic constraint (12.251) in presence of a 6^ induces a 
modification of the known quadratic constraints [25 which is given by 

eAf"e,v^fi^'^ = 8^^MeJv'n'3]*^^-4r^^Me^^^]^''^. (3.37) 

Together, we find that the total set of quadratic constraints transforms under £7(7) in 
the representation 

7^quad = (133 © 8645) © (133 © 1539) , (3.38) 

of which the last two representations correspond to (I3.36p and are only relevant in 
presence of a no n- vanishing 6m- 

Let us finally discuss the particular gaugings for which 0m" = and which are 
thus complementary to those constructed previously in [24] . In this case, the only non- 
trivial quadratic constraint on the remaining component 6^ comes from fl3.36p and is 
given by 

{ta)''''OKeL = 0. (3.39) 

This condition can be viewed as the "analogue of a pure spinor" (13.140 for the ex- 
ceptional group £7(7). In complete analogy to the analysis for the groups SO(5,5) 
and E6(6) above, we can find its most general solution by decomposing 9m into its 
(Ee(6) X ]R"'")-irreducible parts {rj^rjTn^'n^ ^'if) according to the branching 

56 — ^ 1"^ © 21-^ © 27'+^ © 1+^ . (3.40) 

The quadratic constraint (I3.39P accordingly decomposes into the set of equations 
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with the E6(6) tensors dmnk and E6(6) generators (ta)n'" introduced in the last subsec- 
tion!^ On a patch where 1] ^ 0, these equations are simultaneously solved by setting 

rj^ = dr^'r^uTjih, f, = l^<F^^r^,r^,7^rh\ (3.42) 

upon using the identity dp(^kidmn)gd^'^^ = j^^lk^imn)- '^^^^ leaves 28 independent param- 
eters (?7, ?7m) in the general solution^ 



3.4 D = 3 

The ungauged theory in D = 3 dimensions was constructed in [55] , its general gaugings 
were given in [8]. The global symmetry group of the ungauged theory is £§(8). The 
three-dimensional theory is special in that the ungauged theory does not carry any 
vector fields which appear in the gauged theory via a Chern-Simons coupling. As 
they are dual to the scalar fields, they transform in the adjoint of £§(8), which is the 
2 48- dimensional representation with generator^ 

{'tM)Af'^ = -Jmn'^ , (3.43) 

in terms of the structure constants of E8(8). Two forms transform in the 1 © 3875 
representation of E8(8) . Although these forms are non-propagating in three dimensions, 
their field content can be inferred from the supersymmetry algebra or from their on- 
shell duality to the embedding tensor [31], HI] . 

The embedding tensor Qmat a priori lives in the tensor product 

248 ® 248 = 1 © 248 © 3875 © 27000 © 30380 . (3.44) 

In absence of the M"''-gauging, supersymmetry restricts the embedding tensor to the 
reducible 1 © 3875 representation in this decomposition [8] . Explicitly, this is a sym- 
metric tensor QMAf which satisfies 

<S>MM = {in)MM'^'' + i^3S76)MAf'^'')eiCC, (3.45) 

with the projectors 

i^ssr6)MM^^ = \5^M5M)-Tif'^iMfN)v''-hvMNv'''' ■ (3-46) 



^In contrast to the last subsection, we here use indices m, n for the £5(6) fundamental representa- 
tion, as capital indices M, N in this section are reserved for the £7(7) fundamental representation of 
the vector fields. 

-'^^As a byproduct, we thus find that an ^-jij) vector 9m subject to the quadratic condition (|3.39p 
represents a very compact way to describe the non-linear conformal realization of this group [31] on 
a 27-dimensional vector space. 

"'^"'^In order to facilitate comparison with previous work in three dimensions [51 131j. we use in this 
section calligraphic indices for the fundamental (=adjoint) representation. Moreover, we use the 
Cartan-Killing form rjM^ rather than the rescaled form kmN' — 60 rjM^ defined in footnote 4 and 
used in the previous sections to raise and lower adjoint indices. 
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Using fl2.18p . we obtain for the full intertwining tensor Z of fl2.23p 



Z'^VQ = + (C/^^P'/sk'' - 5(^5q)) . (3.47) 

With the explicit form of the projectors fl3.46p this shows that choosing ( = 1/2, the 
tensor Z projects onto the subrepresentation 

(248 ® 248)sym — ^ 1 © 3875 , (3.48) 

within the full symmetric tensor product, and thus onto the same subspace as in 
absence of the M"'"-gauging. This is precisely compatible with the two-forms present 
in the theory (which are dual to the embedding tensor) and thus compatible with 
supersymmetry as we shall explicitly demonstrate in the next section. 

It is interesting to note, that in absence of the M"'"-gauging, the tensor QMAf = ^MAf 
is symmetric in its two indices and also shows up as a metric of the Chern-Simons term 
in the action £cs = ©a^at^'^ A dA'^. The fact that for non- vanishing 9jc, this tensor 
is no longer symmetric again reflects the fact that the ]R"'"-gaugings in general do no 
longer admit an action. 

It remains to evaluate the quadratic constraints fl2.24p . fl2.25p required for consis- 
tency of the gauging which yields 

(^Mf^Af - lf^^ArfMQ^(^v(^C = 'dcMfAf^'^(^V , (3.49) 

2eMcQnMfv)'''^-QMv0M-<dc(Mfv)'''^fMr'^0Q = 0. (3.50) 

In particular, contraction of these equations implies that 

9^9m = 0, v^^QmmOk = = GicmO^. (3.51) 

With some effort one can show that these constraints transform in the 

T^quad = (3875 © 147250) © (1 © 2 ■ 248 © 3875 © 30380) , (3.52) 

of which the last four representations correspond to fl3.49p and (13.51 1) and are only 
relevant for a non- vanishing dj^. Notably, the 779247 representation which is not 
excluded by group theory arguments and could in principle show up among these 
constraints is explicitly absent. We shall come back to (a proof of) this fact in the next 
section. 

The second equation in fl3.5ip implies that the singlet 1 and the vector 248 com- 
ponent of the embedding tensor cannot be switched on simultaneously. Absence of the 
vector 6m corresponds to the theories without gauging of the R"*" scaling symmetry. 
As these theories have been discussed in detail in [8J , we shall in the following assume 
a non-vanishing vector 9^ and thus a vanishing singlet component i]^''^QmN of the 
three-dimensional embedding tensor. 
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Let us finally discuss the particular gaugings for which QmN = and which are thus 
complementary to those constructed in [8]. In this case, the only non-trivial quadratic 
constraint on the remaining component 9k comes from (13.491) and is given by 

{yi)MN^^ + {^^s7^)MJ^^'')0Kec = 0. (3.53) 

As in higher dimensions, this condition can thus be viewed as the "analogue of a pure 
spinor" (I3.14p for the exceptional group E8(8)- We can use the same technology in 
order to find its general solution. As the calculation is somewhat more involved that 
for the higher-dimensional cases, we defer the details to appendix [B] and just present the 
solution here. Decomposing 6m under £7(7) x R+ into components {fj,fim,^,^a,Vm,v) 
according to the decompositioio 

248 — > l+2©56+^©l°©133°©56"^©r^ (3.54) 

the general solution of (I3.53P can be expressed in terms of the 58 parameters r], 1]^, ^ 
as 

6 
V 

^ 24 

Vm Vm a r Vn Vp Vq , 

r] T]'^ 
f2 2 

V = Cia. (3.55) 

r] rj 

We note that the second term in fj is related to the quartic invariant {ta)''\t°')"^^ VkViVmVn 
of £7(7). Like for £7(7) above, the explicit solution (I3.55P in terms of 58 parameters 
shows that a vector subject to the bilinear condition (13.530 represents a very compact 
way to describe the non-linear conformal realization of £3(8) given in 



3.5 Summary 

We have in this section explicitly constructed the gauge group generators of the gaug- 
ings of maximal supergravity that involve also a gauging of the on-shell scaling sym- 
metry (II. ip . In dimensions 3 < D < 6, these generators are given by (I2.18P with the 
respective values of C, computed above in the various subsections. The possibility of a 
local scaling symmetry gives rise to another set of parameters 9m within the embedding 
tensor that transform in the dual vector representation. We have worked out for all 
cases the quadratic constraints on the embedding tensor required for consistency. In 
particular, for those gaugings that are exclusively triggered by the new parameters 6m, 
we have furthermore given the explicit solution of these consistency constraints in all 
cases. 

^^Here, we use indices m and a for the fundamental 56 and the adjoint 133 of £7(7), respectively. 
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While so far we have only derived the necessary algebraic consistency constraints, 
it remains to show that every solution to these constraints (e.g. to equations (13.361) . 
(I3.37P in D = 4 dimensions) indeed gives rise to a consistent theory. In particular, it 
remains to determine the deformed field equations — as the theory no longer admits 
an action, the analysis must be performed on the level of the equations of motion. 
This will be the subject of the next section. We pick the example of the maximal 
D = 3 supergravity, for which the algebraic structure is the most involved one, and 
show how the equations of motion must be modified under gauging in order to remain 
sup ersymmet ric . 

4 Sup ersymmet ry 

In this section we will take as an example the maximal three-dimensional theory and 
work out the full set of the deformed equations of motion. In particular, this will 
show that the quadratic constraints (13.491) . (13.501) are sufficient for consistency of the 
theory, in other words, that every solution to these equations defines a consistent and 
maximally supersymmetric gauging in three dimensions. Upon dimensional reduction 
the algebraic structures which connect gauging and supersymmetry are embedded into 
the increasing symmetry algebras. The results of this section thus give some strong 
evidence that also the algebraic constraints we have derived in sections 13.11 - 13.31 for 
the higher dimensions are sufficient for compatibility with supersymmetry. 

As we have repeatedly mentioned, the resulting theory does not admit an action. 
The analysis must therefore be performed on the level of the equations of motion. 
After reviewing the three-dimensional theory we analyze the deformed supersymmetry 
algebra and in section 14.41 we derive the full set of the deformed equations of motion 
(to lowest order in the fermions). 

4.1 The three-dimensional theory 

We recall some basic notations of the maximal three-dimensional supergravity and its 
gaugings, see [351 [8] foi" details. Also we have collected in appendix I A. II our conventions 
for the exceptional group Es{s)- 

The scalar fields in three dimensions are described by an E8(8) -valued matrix V^m, 
with the two indices labeling the 248-dimensional adjoint representation and indicating 
the transformation properties 

SV = AV - Vh{x) , A G e8(8) , h{x) G so(16) , (4.1) 

under global E8(8) and local S0(16), respectively. In particular, it is customary to split 
the group matrix according to V-^m = {^^u, V-^^}, according to the decomposition 
of C8(8) into its compact subalgebra so (16) = (X'^"^]) and 128 noncompact generators 
{F^}. Here /, J, . . . and A, B, . . ., respectively, label the 16 and 128s representations 
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of S0(16). Eventually we will also need indices A,B, . . . labelling the conjugate spinor 
representation 128c. Naturally we will also encounter S0(16) gamma matrices in 
what follows. We will freely raise and lower S0(16) indices. 

In this basis, the Cartan-Killing form rjj^j^ of £§(8) takes the form 

VMM V^ijV^KL = -l^'A , VMM V^aV^b = Sab , (4.2) 
and the £§(8) structure constants /■'^•^^ can be expressed as 

= -V'uV^KLV^jr^ - IV^^uV^aV^^b{tZ) • (4.3) 

The inverse matrix V—m is defined b}@ 

V^V V^/j = 25^^ , V%V^B = 5^ (4.4) 

The standard gaugings are defined in terms of the embedding tensor Qmat- The 
fermionic mass terms of the theory as well as the scalar potential can be expressed in 
terms of the T-tensor 

Tm\M = QmnV'^mV^M, (4.5) 

obtained by dressing the embedding tensor with the scalar matrix V^^i- Similarly, 
the crucial object in the description of the gaugings with local scaling symmetry will 
be the dressed new component 9_m: 

Tm = OmV^m- (4.6) 

As QmM is restricted to live in the 1 © 3875 representation of E8(8), the same applies 
to the T-tensor. It can hence be expressed as 

^MM = '^~M^~AfTM\N 



- V(^-V^)- (r^^^ ) + Vm'V^' [I, T^AA^^,, Af) , (4.7) 

in terms of three tensors Ai, A2 and A3 transforming in the 135, 1920c and 1820 of 
SO (16), respectively, i.e. satisfying 

aIJ _ aJI -pi aIA _ n A^B _ 1 -rUKL-rUKL aCD (a o\ 

^1-^1 ^ ^2 - U , /I3 - 3072 ^ AB ^ CD "^3 ' l^'^J 

In the standard gauged theory (in absence of the ]R"^-gauging) , these terms describe 
the various fermionic mass term in the Lagrangian while the scalar potential is given 

by 

W{<P) = \g^[Ai^A{^-2A{'A{') . (4.9) 



^■^Note that these conventions gives rise to the relations Vm^' = VMAf^^^'^ = —V^'^M and Vm^ = 
VmaT^'^^ = V^th, cf. appendix [Ol 
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Similarly, we now introduce tensors Bjj and Ba in order to parametrize the different 
S0(16) components of the new part (14. 6p of the T-tensor 



Om = Vm-Tm = \Vm'' Bij + Vm^Ba. (4.10) 
With the currents 

V-\d,-gA^QMMt^)V ^ '^Qi'X^' + V^Y^, (4.11) 
we find among the various components of the T-tensor the differential relations 

i^.Ai^ = \ {Ka + - TE (r^r^)ABrl^ Ap) , 

V.Bjj = \T^/sBaV^^, V,Ba = \T'/bBijV;^ , (4.12) 
where denotes the full SO(16)-covariant derivative. 



4.2 Implications of the quadratic constraint 

In this section we will compute and collect a number of relations that can be derived 
from the quadratic constraints (13.491) . fl3.50p on the embedding tensor. The section is 
largely technical and since the algebraic calculations become quite involved we have 
made repeated use of the computer algebra system Cadabra [36] to organize and sim- 
plify the computation. 

We have seen that the gauging of the theory is described in terms of the embedding 
tensor, which is parametrized by components QmM^ ^M: subject to the relations fl3.49l) . 
f l3.50p . The equations of motion of the theory on the other hand feature the dressed 
version of the embedding tensor defined in (14.50 and (14.61) . In order to appreciate 
the consequences of the quadratic constraint, we will thus have to translate equa- 
tions (13.491) . (I3.5UI) into relations between the scalar dependent tensors ^1,2,3 and B 

from (nzD, dnni). 

Let us start from the simplest set of constraints (13.511) . Its second equation trans- 
lates into 

V^^QmmBa = = v^^QmxBij, (4.13) 

and as mentioned above, it is automatically solved if QmM transforms in the 3875 
and has no singlet component. Plugging the explicit expansions (14.70 . (I4.10p into the 
remaining equations of (13.511) gives rise to the relations 

BijBij — 2 BaBa = , 
Afl^B'^^ + rl^ArBA-^.T^/^^'^AfB^, = 0, 

ST'^^Ai^Bu-T'^AT'^^Ai^Bs = 0. (4.14) 
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We note that these constraints transform in the 1, 120, and 128^ of S0(16), respec- 
tively. On the other hand, from evaluating (13.491) for Ai = [IK] and A/" = [JK] we 
obtain after subsequent symmetrisation and antisymmetrisation in /, J, two equations 
in the 135, and 120 

SBjKBjK + SAf^'B'^'' -AT^^^Ai^^BA-dijBABA = 0, 

-6Af^i?-^l^-3r|;^4'^5^ + ^ry/Mf 5^, = 0, (4.15) 

respectively. Instead, choosing in (I3.49P M. = [IJ] and J\f = A and contracting the 
equation with leads to 

^ - AA^IJ^A- ^i- AA^ AbI^JkBb + 2^ AA^l ^-2 + 2^ AB ^3 

- \ (r'r^)iB Ai^BjK - I Tf^ Ai^BjK - U^'V')abKc ^ • (4-16) 
Upon interchanging M. and M in (13.491) . the same contraction yields 
= ^^\a BijBa - ^r^^ Vj^ BjkBb - 6^2^ Bij + 21^^ A3 Ba 

+ 1 (r'r^)AB i^.i. - \ ^'ab ^i^'BjK - U^'V')abKc • (4-17) 

Under S0(16) the two equations fl4l6D and fliTfl) transform in the 128, © 1920^ and 
it is straightforward to verify that the two parts in the 128, (obtained by further 
contraction with T^^) are proportional to the last equation of (14.141) . 

Finally, we evaluate part of the quadratic constraint (I3.50p . Choosing ^A = [JK], 
M = [IM], V = [KM] and symmetrizing in (/J) leads to the relation 

= Ai^'Ai'' - U'/a'/ + Af^'B'^"" - iT^'Ai^^BA 



-3^5^^(AfMf^-|Af-^An, (4.18) 



2^2 ^2 ^ 4."- AA '2 

_ KL aKL _ I aK 

16" V^^l ^1 2^2 

in the 135 of SO (16). Choosing in fl330|) M = A, U = [IM], V = [KM] and 
contracting with we obtain 

}j F"f ^Ff I A2^^Ap = -32Ai^Ai^ + 2(F^F-^)^^ Ai"" A^^^ + lO^f A^' ' 



64 CD ^ AB ^2 ^3 — o^^i ^2 "T ^ JAB ^1 ^2 "T -^"^2 ^3 

- (F^F-^)^^ AfAi^ + 20F^^ Ai'BA + 2Ai^Bjj 

- I^Tb ^2^ + {T'T^)ab Ai^BjK . (4.19) 

Choosing instead = [IM], J\f = [KM], V = A before contracting with F-^^, we 
obtain 

g^Fgf^FjlA^^^Ap = QAAi'Ai^-AiT'T')^^Ai''Af-22Ai^Ai^ 

+ {T'T')^^ AfAi^ + T'^^ A{'Ba + UA'/Bu 

- 2(F^F^)^^ Ai^BjK - IIT\^ Af Ba 



AB ^^3 

-U^'^'')AB^ic^f''BA. (4.20) 



23 



Again these two equations transform in the 128^ © 1920c and one verifies that both 
128s parts reduce to the last equation of (14.141) . We note that in absence of the vector 
6'_A4, (i.e. for Bjj = = Ba) all these equations consistently reduce to equations (4.17) 
and (4.19) of [S]. Together, we have thus shown that the lowest S0(16) representations 
appearing in the quadratic constraint are given by 

7^quad = 1 © 3 • 120 © 2 • 128, © 3 ■ 135 © 4 ■ 1920^ © . . . , (4.21) 

in agreement with the corresponding decomposition of (I3.52p . In particular, the fact 
that within all the above equations there are only two independent constraints in 
the 128s finally proves that there is no Eg(8) representation 779247 in the quadratic 
constraint fl3.52p . Its presence would have excluded all solutions to the quadratic 
constraint with both Qmaf and 6m non-vanishing. 

In order to study supersymmetry of the equations of motion in the next section, we 
will need the following particular linear combinations of the above constraints in the 
the 128s © 1920c representation 

- \ AfB^T^^^ + BaBjjT\^ - ^ Ai^Ar{T^T')j,^ + ± (F^F^)^^ 

- i ^2^BjKiT^T-^)^^ + ^ Af^BAiT^T-^)AB^Ac ~ Te BaBjk{T^T-^^)j^^ . 

(4.22) 

Again, in absence of Bu and Ba this equation consistently reduces to the constraint 
derived in [8], section 4.4. 



4.3 Supersymmetry algebra 

We will now study the effect of the gauging on the three-dimensional supersymmetry 
algebra. This will allow us to derive the deformed supersymmetry transformation rules 
which we will subsequently use to determine the full set of deformed field equations. 
For the standard gaugings (in absence of the vector 6m), the supersymmetry algebra 
in three dimensions has recently been computed for all p-forms [31j. 

For the bosonic fields e^", V and v4^, the supersymmetry transformation rules are 
given by 

<5e/ = ieW, V-^5V = F^^xVf^, 
5A,^ = 2V^,,eV/-iF^^^V^^eS,x^, (4.23) 

and do not change upon gauging!^ The fermionic fields appearing in these transforma- 
tions are 16 gravitinos ip^^ and 128 spin-1/2 fermions transforming under S0(16). 

^"^Our space-time conventions are a signature (H ) for the three-dimensional metric gf^^, and 

g^Mi^P = -ief'^P for the S0(l,2) 7-matrices. 
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In the presence of a gauging their supersymmetry variations are given (up to higher 
order fermionic contributions) by 

= lre'T^AAP^ + g[Ai^ + (3,T^^^BA)e^ , (4.24) 

with the tensors Ai, A2 and B from (I4.7p . (I4.10p above and some constants (5i^2- The 
covariant derivative is exphcitly given by 

^^/.e' = (^M + i^/Safe - Mm) + Q^V . (4.25) 

The effect of a gauging with non- vanishing vector 9m in these transformations is fur- 
thermore reflected by the terms in Bu and Ba which are entirely determined by their 
index structure up to the global factors [3i^2- The latter are fixed by demanding closure 
of the supersymmetry algebra into diffeomorphisms, Lorentz transformations, S0(16) 
transformations and gauge transformations: 

%,,5,,] = 5^ + 5^ + 5^ + 5!,. (4.26) 

Setting /5i = — 1, /?2 = I 5 one can verify that the supersymmetry transformations 
( I4.23p . 04.241) close on the vielbein e^" and on the scalar fields V into the algebra fl4.26p 
with diffeomorphism and gauge parameter given by 

e = -ie[lVe2]^ 

= _^PA^_2V^7je[/e2]^ (4.27) 

On the vector fields, the commutator of two supersymmetry transformations yields 
(again up to higher order fermionic terms) 

[5e,,5,,]A^ = (6^ + 5!,)A^-^g{Z^rQV''jKV^jj,-e^5jj)e^' 

-r(-^,^ + ee,.pV-^^P''^) , (4.28) 

with = —i £[1^7^62]'^ and the non-abelian field strength 

•^^^ = 2d[,A{:l + gX^^^^^A^A'^ . (4.29) 

In order to arrive at this result, one needs the explicit expression of the intertwining 
tensor Z-'^-pQ which may be obtained after some calculation by plugging (14.71) . fl4.10p 
into (13:^71) : 

Z'^vqV''ikV^jk = -liV^iKA^' + V^jKAD + lV^AT^i^A^^ (4.30) 

+ IV^ K{lBj)K — \ klBrL — ^^^aBa^ 5jj . 
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A priori, the result (14.281) differs by its last two terms from the expected supersymmetry 
algebra (I4.26p . The last term is precisely the duality equation between scalars and 
vector fields in three dimensions and signifies the fact that the supersymmetry algebra 
closes only modulo the equations of motion [31J. In order to understand the second 
term in (I4.28P we recall that in the gauged theory the vector fields always appear 
contracted as QmM or 9m Under this contraction, the second term in (I4.28P 
consistently vanishes as a result of the quadratic constraints (12.270 and (I3.5ip l^ 

We have thereby established the full set of deformed supersymmetry transformation 
rules for the general gauged theory in three dimensions. 



4.4 Equations of motion 

We have now all the ingredients to derive the full deformed theory. As the gaugings with 
local scaling symmetry do no longer admit an action, one must consider the deformation 
directly on the level of the equations of motion. The general gauging is parametrized 
by an embedding tensor with components Qma/^ which defines covariant derivatives 
according to (12.151) . (12.181) . For non- vanishing 9_m the gauge group also includes the 
generator of the scaling symmetry (II. ip . The embedding tensor defines the scalar 
field dependent tensors ^1,2,3 and B which show up in the modified supersymmetry 
transformation rules (I4.23p . (14.230 derived in the last subsection. 

In the computation of the supersymmetry algebra (14.281) . we have already met the 
first dynamical equations 

^A4(-^M.^ + e£^.pV%P''^) = 0. (4.31) 

Note that this first order duality equation between vector and scalar fields is only 
imposed under projection with OmM and 9m, respectively. This implies that not 
the full set of bosonic field equations but only a projection thereof can be retrieved 
from integrability of this equation. In particular, all contributions from a possible 
scalar potential will be invisible in the second order scalar field equations obtained 
from fOB . 

In order to find the full set of field equations, we start from the equations of motion 
of the gravitino of the ungauged theory 

tY'^D.ijl-^YYx^r'^AP^^ = 0. (4.32) 

Upon gauging, derivatives are covariantized, i.e. V^, P^. Moreover, in 

absence of a 9m the right-hand side of this equation is modified by terms proportional 
to the tensors Ai and A2 from (14. 7p [8]. It is thus natural to assume that for the full 

^^As in [31] one may alternatively absorb this term into additional gauge transformations related 
to the further introduction of two-form tensor fields. 
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gauging the r.h.s. also receives corrections proportional to the tensors Bjj and Ba- Up 
to factors ai,2, these are entirely determined by their S0(16) structure: 



+ zg(^A'/ + a2T\^BA)Yx^ ■ (4.33) 



In order to verify consistency and to determine the factors ai^2 we compute the trans- 
formation of this equation under supersymmetry. We will in this calculation neglect 
cubic terms in the fermions, i.e. only consider variation of the fermionic fields in (14.331) . 

The first term gives rise to a contribution involving the commutator of two covariant 
derivatives (I4.25P which can be simplified using (12.111) to 



ab I 
"liv I ah t 



(4.34) 



with the abelian field strength J^^v = Q^m ^iid 



Q'i ^ 25[,Qy + 2Qf[^Q;;]^ = - iriiP^^P,^ - ^J-;;^ 0A4A.V^J , (4.35) 

obtained from integrability of (14.111) . Likewise, variation of the second term on the 
l.h.s. of (14.331) creates terms bilinear in which after some calculation simplify to 

i Y""" ^'abK'^u^^ - ¥ {VP^V^^^ - \gP^ V'^vfj 7m • (4-36) 

The total variation of the l.h.s. of (I4.33P is thus given by the sum of (I4.34p and (I4.36p 
together with the order g contributions from (14.240 . Altogether we obtain 

5, (l.h.s.) = \i{n^P''^ -\gP^TZ- V^V^ + y'V'^V^^-f^e^ 

- gY^'^V.i^Ai' - Bjj)^^e') - IgYY^^AA^u (^f + i KaBb) . 

Using the duality equations (I4.3ip to replace the various field strengths and the differ- 
ential relations (14.120 . this variation reduces to 

5, (l.h.s.) = li(lZ^P^''> - IgP^'TZ- V^^V^^ + Ig^^V^V^^-i^e^ 

+ gV^j^Ai^^ VP\' - ^gT'/sBB P'^e' + IgBAV^^e' + \gY^BAV^e' 
- gY' + \^abBb) - gY'\A{' - Buh.V.e' 



J 

1 
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where we have also made use of the relation V-'^a ©a^atV-^-j = T^^^A'^^'^ + jT^/qBb, 
obtained from (12.18P with ( 14. 7p . (14.10p . Collecting terms, we finally arrive at 

5,(l.h.s.) = liln^Pf"^ -IgP^'TZ- VP^V^^ + IgP^V^V^^'y^e^ 

-giAi' -Bu)Y'"Due' . (4.37) 

While the first term will be part of the Einstein equations, the remaining terms cannot 
be part of any bosonic equations of motion and must therefore be cancelled by the 
variation of the r.h.s. of fl4.33p . As this variation is given by 

5,(r.h.s.) = -giAi' + a,Bjj)Y'"D,e' 

- -29^'aA (^2^ + «2 T^baBb) Vy + 0{g') , (4.38) 

one observes immediately that with ai = —1, a2 = — |, all terms in order g cancel 
against (14.371) . It remains to study the order g'^ terms in (14.381) . Note that by now we 
have fixed all free parameters, i.e. the remaining terms pose a non-trivial consistency 
check on the supersymmetry of the equations of motion. Applying the order g variation 
on the r.h.s. of (14.331) . we obtain 

5(^')(r.h.s.) = -2z/ + ai B,k) {Af' - Bkj) Ye' 

+ ig' {a{^ + a, V^^j^Ba) (^f + ir^^E^) Ye' • (4.39) 

The result can be simplified upon expanding the products and using the bilinear rela- 
tions between the tensors ^1,2,3, -B, derived in section 14.21 We first observe that the 
combination 2AiAi — A2A2 can be replaced using (I4.18p . Furthermore, by virtue of 
( I4.14P and (I4.15P we can eliminate all the r^S^A2 terms and obtain altogether 

5(5')(r.h.s.) = -^g^(^{2{a,-a2) + l)BJKBJK + {2a^-3a2-l)BJKA('' 

+ («2 + I) BjKAi"" - ^ 5"(2Af ^ - A^^A^^ - BaBa)) Ye' • 

(4.40) 

Remarkably, with the choice ai = —1, 02 = — | imposed earlier, the first three terms 
in this variation vanish and the result is again proportional to 6^'^ and can thus be 
absorbed into the Einstein equations, as required for consistency. Combining (I4.40p 
with (I4.37P and (I4.38P we thus finally obtain the modified Einstein equation 

ni,.)-y,.n = vyy\g,,Vf^Vy\g,,W{4>), (4.41) 

with 

W{<P) ^ [Ai^Ai^ + BaBa - 2A['A[-') , (4.42) 
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playing the role of an effective (scalar field dependent) cosmological constant in this 
equation. Comparing this result to (14. 9p . we observe that the effect of a gauging 
of the scaling symmetry IR+ is a positive contribution to this effective cosmological 
constant. The same effect will occur in the corresponding higher-dimensional theories. 
In standard gravity theories the scalar dependent function W{(j)) would correspond to 
the scalar potential from which in particular also the scalar masses are derived. This is 
different in the presence of an ]R"''-gauging: as the resulting theory does in general not 
admit an action, it is not clear if the mass contributions to the scalar field equations 
descend from a scalar potential — and we will see in equation (14.441) below explicitly 
that this is not the case. To this end, we note that the variation of (14.421) is given by 

5Wi^) = -lg'T'^^(3Ai'Ai^-Ai^Ai^ + lT'^^BuBB)SE^, (4.43) 

as can be derived from the differential relations (14.121) upon replacing by ST,^. 

By calculating the supersymmetry variation of the gravitino field equation we have 
thus fixed all unknown coefficients in this equation and obtained the modified Einstein 
equation up to its fermionic contributions. The latter may in principle be obtained by 
repeating the calculation including all higher order fermionic terms. The remaining set 
of equations of motion are the Dirac equation for the spin-1/2 fields and the scalar field 
equation. These may be determined in complete analogy to the calculation presented. 
Rather than going once more through the technical details, we just present the resulting 
equations: 

I'l^.X^ = -2rYi^i^'AAPu+9{Ai^ + \r^AABA)r^i-^9{Ai''+l^^^^ 
V^V^ = I T'^^ (3 Ai'Ai^ - AfAi^ + 2 BjjA'/ - 2 r^^i?,,^^) . (4.44) 

The quadratic constraint (I4.22p crucially enters in the derivation of these equations. We 
have thus obtained the full set of deformed equations of motion for the general gauged 
maximal theory in three dimensions to lowest order in the fermions. Comparing (I4.44p 
to (I4.43P one observes that the scalar mass terms (the r.h.s. of (I4.44p ) for non-vanishing 
Ba do not descend from the potential W{(j)). This is another manifestation of the fact 
that the resulting theory does not admit an action. 

5 Conclusions and Outlook 

In this paper we have constructed the gaugings of maximal supergravity in which the 
trombone symmetry (II. ip becomes part of the local gauge symmetries. We have set 
up the algebraic formalism to describe these theories as an extension of the standard 
gaugings. More precisely, the gaugings are parametrized by a constant embedding ten- 
sor 6m" which has irreducible components [QM^jf^Ai)- In case the second component 
is zero, 9m = 0, these theories reduce to the standard gaugings with gauge group inside 
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the duality group G. Non- vanishing 6m on the other hand amounts to the inchision of 
the scahng symmetry (11. ip into the gauge group. 

The exphcit form of the gauge group generators is given in (12.181) where the value 
of ( has been determined in section [3] for the maximal supergravities in various di- 
mensions. As a result we find that gauging of the scaling symmetry (11. ip necessitates 
simultaneous gauging of certain generators within the duality group G. We have worked 
out the algebraic consistency constraints bilinear in the components {Qm°',Om)- For 
the particular class of theories with 0m° = (which thus correspond to a "minimal" 
gauging of the trombone symmetry), we have explicitly constructed the general solution 
to these consistency constraints. Interestingly, this solution relies on a generalization 
of the "pure spinor" structure of SO(IO) to the higher-rank exceptional groups. 

Finally, we have for the example of the three-dimensional theory worked out the 
deformed supersymmetry algebra and the full set of equations of motion. In particular, 
we have shown that gaugings involving the trombone symmetry are compatible with 
supersymmetry provided the components of the embedding tensor satisfy the aforemen- 
tioned algebraic consistency constraints. Since these theories in general do no longer 
admit an action they must be constructed on the level of the equations of motion which 
are uniquely determined by supersymmetry. 

As a generic feature of a gauging of the trombone symmetry we have found a positive 
contribution to the cosmological constant. The same shows up in the corresponding 
higher-dimensional theories. The existence of a ten-dimensional de Sitter vacuum in 
the theory of |13l HI] has been further investigated in [17]. From this point of view 
it will be interesting to analyze the general structure of the equations of motion and 
their solutions for the theories with "minimal" gauging of the trombone symmetry 
given in this paper. Another interesting question is about the structure of theories for 
which both components 0m" and 6m are non-vanishing. The presence of additional 
deformation parameters 6m as compared to the standard gaugings (which moreover 
give rise to positive contributions in the cosmological constant) may prove useful in 
the search for stable de Sitter vacua in > 1 supersymmetric theories which to date 
seem extremely rare [37| [38] . Of course, a higher- dimensional interpretation for these 
additional deformation parameters would be highly desirable. 

Let us finally discuss another intriguing aspect about the theories we have con- 
structed. It is well known that the representation in which the embedding tensor 
transforms under G in the standard gaugings (column '0' of tabled]) is the represen- 
tation dual to the totally antisymmetric {D — l)-forms of the theory as predicted from 
the underlying very extended Kac- Moody algebra En [391 HO]- More precisely, the 
embedding tensor can be identified with the integration constants which arise upon 
solving the non-dynamical field equations for the {D — l)-forms [31]. In contrast, the 
additional gaugings we have constructed allow for additional components 6m of the 
embedding tensor transforming in the representation dual to the vector fields. For 
these constants there is no dual {D — l)-form in the field content of the theories, i.e. 
an Ell origin of these theories is a priori unclear. However, following the discussion in 
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the introduction, the trombone symmetries in the various dimensions seem intimately 
hnked to the duahty groups G, such that one would expect that all these gaugings can 
be cast into a common framework. Indeed, some observations hint in this direction: 
inspecting a little closer the full field content as predicted by En, as given in the tables 
of [ID], one observes that there does exist an object in the correct G representation with 
D — 1 space-time indices which however is not an antisymmetric form but a tensor with 
mixed symmetry C^^^^^^^ 1^0-2]' ^^^^ (-^ ~ l)-forms, such a field does not possess 
propagating degrees of freedom (see e.g. [?T|) and can consistently be set to zero. It is 
a highly intriguing question if the presence of such tensors with mixed symmetry could 
in some way trigger the deformations of the presented type. 

In fact, the pattern continues: the antisymmetric D-forms in standard gaugings 
turn out to transform under G in the representation which is dual to the quadratic 
constraint on the embedding tensor [31j. As we have shown in this paper, the pres- 
ence of the additional components 6m gives rise to additional quadratic constraints, 
cf. equations (13.131) . (13.261) . (13.381) . (I3.52p . for the various dimensions. Comparing these 
additional representations to the tables of [IQ] we find again a matching of representa- 
tions with tensors carrying D space-time indices with mixed symmetry structure! 

After reduction to D = 2 dimensions, all these tensors embed into representa- 
tions of the affine symmetry algebra £9(9). Table [U shows that remarkably under this 
algebra there is no longer a difference between the theories triggered by the new pa- 
rameters 6 and the standard gaugings: both O and 6 combine into a single irreducible 
(infinite-dimensional) representation of £9(9) [25J , suggesting that also under the bigger 
algebras Eio and En there should be a uniform and common structure underlying all 
the gaugings. 

Along these lines, let us recall that as we have seen throughout the construction, 
gaugings that involve a local trombone symmetry do no longer admit an action and 
have thus been constructed on the level of the equations of motion. This is by no 
means surprising since they involve the gauging of a symmetry that was not off-shell 
reahzed. However, a similar fate applies to part of the duality groups G in even space- 
time dimensions. E.g. in D = 4 dimensions (depending on the electric frame chosen) 
only an SL(8) subgroup of G = E7(7) is realized as a symmetry of the action while 
the full E7(7) can only be realized on the combined set of equations of motion and 
Bianchi identities [2]. Nevertheless, in this theory it is possible to gauge subgroups 
within the full E7(7) on the level of the action — upon introducing further higher-rank 
p-forms [l2]. The same pattern extends to all even dimensions [2 ^ [25 | [26]. It would be 
very exciting (and further complete the presumed En picture underlying the theory) 
if also the theories presented in this paper could be lifted to an action precisely by 
introducing the additional higher-rank tensors of mixed symmetry mentioned above. 
In this respect we mention the recent construction of a parent action for the dual 
graviton — the simplest of all tensors with mixed symmetry — which is based on 
Stiickelberg-type couplings to higher-rank tensor fields in a way reminiscent of the 
structures appearing in gauged supergravity [i3] . 
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Appendix 

A Algebra conventions 

A.l E8(8) conventions. 

The algebra e8(8) is generated by 248 generators 

[iM,^^] = fMM^tK.-, (A.l) 

which may be split into 120 compact ones X^^ = —X^^, corresponding to the maximal 
compact subalgebra so(16) of the algebra, and 128 non-compact ones Y^, with S0(16) 
vector indices I, J, ... = 1, 16, and spinor indices A, B, ... = 1, 128. Dotted indices 
A, B, ... label the conjugate S0(16) spinor representation. An extra factor of | always 
appears when summing over antisymmetrized index pairs [U]. ^s{8) indices are raised 
and lowered by means of the Cartan-Killing metric 

1 

VMAf = TT^TrtAitAr • (A.2) 
bO 

In the SO (16) basis, the components of the Cartan-Killing form are r]^^ = S"^^ and 
^iJ,KL _ _2§iJ^ a^nd the completely antisymmetric structure constants of the algebra 
are given by 

jU,KL,MN ^ _85[^[^53^, fU,AB ^ _l_^u^ _ ^A.3) 

An important object is the group-valued scalar matrix V-'^m = {V-^7j,V^^}. It 
satisfies 

W V-^ijV^KL = , r]MX V^aV^b = Sab , (A.4) 

which allows to express its inverse explicitly as 

^ " I V% = Vm^^ VmmV^"^ ■ ^^-^^ 

The fact that the structure constants ( jA.31) are £§(8) invariant tensors and thus invariant 
under contraction with V^m is reflected by equations (14.31) . 
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A. 2 £7(7) conventions and identities. 

The algebra 67(7) is generated by 133 generators ta 

[ta,tf,] = U^^. (A.6) 

Its fundamental representation has dimension 56; indices m,n = 1,...,56, can be 
raised and lowered with the symplectic matrix Qmn where we use north-west south- 
east conventions 

We raise and lower the adjoint indices a,(3 = 1, . . . 133, with the invariant metric 
i^a/B _ ^j-lf^t^) proportional to the Cartan-Killing form. It is related to the structure 
constants fa/s^ as 

fa^^ffss'^ = 3 K^s ■ (A. 8) 

By performing various contractions, one can prove the non-trivial relation fl3.3ip 
between -£^7(7) generators 

E.g., contracting the indices k and n, we find in particular 

8{nJ{t^)k' = 19 61,. (A.IO) 
We will need some more identities for this algebra. The first one takes the form 

9r)„.''(Ofcn(ta)(^nt/3)^^)+2r)[^(''(t«r5:| = inun'-^'itar^ ■ (a.h) 

Note that this identity is antisymmetric in [mn] and totally symmetric in {pqrs) . The 
existence of such a relation thus follows from the fact that there are only two indepen- 
dent invariant tensors with this index structure (only two singlets in the correspond- 
ingly symmetrized tensor product of fundamental representations). The coefficients 
can be determined by performing various contractions. 

In a similar way we obtain another important relation which is totally symmetric 
in indices {klmnpq): 

(t'3)(^'(t^)™"(t„)f^) + 8(t„)^^(t^),(*^(r),'(t;3)"^"(t^r) = 0. (A.12) 
A. 3 E8(8) algebra in the £7(7) x SL(2) basis 

Under its maximal subgroup £7(7) x SL(2), the adjoint representation of £§(8) breaks 
as 

248 — > (133,1)©(56,2)©(1,3) . (A.13) 
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Accordingly, we split the generators tj^ into ta, tm,a and t(afe), where m and a denote 
the fundamental and the adjoint representation of £7(7), respectively, while a, h denote 
the doublet of SL(2). In these generators, the algebra takes the form 

[ta.tp] = falS^ts, [t{ab), t(cd)] = 25(^a ^^)(c '^d) ^(e/) ' 

\tm,aj tn,b\ i2^mnt(ab) ~l~ ^ab (t )mnta ■ (-^•■^^) 

Here, we use the E7(7)-invariant tensors introduced in section IA.2I and the SL(2)- 
invariant e-symbol e°'^. 



B Solution of the Egig) constraint (13.531) 



A particular class of gaugings we have studied in this paper are those theories which 
are triggered by a single constant vector 6m- In three dimensions, this vector is subject 
to the quadratic constraint fl3.53p 

{{^i)mx'^'' + {^3S75)mx'^'')0kOc = 0. (B.l) 

In this appendix we will analyze in detail this quadratic constraint and derive its general 
solution given in fl3.55p in the main text. Explicitly, the constraint (IB. 10 reads 

d'^^M = 0, Om(^N - \f'^^ mInq.'' (^v(^c = 0. (B.2) 
B.l The constraint under £7(7) x SL(2) 



In order to solve the constraint (IB.ip . we employ the same technique that allowed to 



explicitly solve the pure spinor constraint fl3.14p in D = 6 and its analogues (13.271) . 
(I3.39P in D = 5 and Z) = 4, respectively. It is useful to first break E8(8) under its sub- 
group E7(7) X SL(2) as given explicitly in section above. The adjoint representation 
breaks according to flA.13p such that we can parametrize the vector 9m by components 
{da)Gm,a,6[ab)}- The Constraint (IB.ip under this subgroup breaks into 

10 3875 — > 2-(l, 1)0(1539, 1)© (56, 2) ©(912, 2) ©(133, 3) . (B.3) 

As a first step we will express this constraint explicitly in terms of the E7(7) x SL(2) 
components {6^, 9m,a, 9[ab)}- To this end, we start from the general E7(7) x SL(2) singlet 
bilinear in the components of 6m 

= e('^^9(^,d)+(Te'^Q''P6k,cep,d + re^9" , (B.4) 

labeled by two relative coefficients a, r. With respect to E8(8), the general bilinear 
expression in 9m transforms in the representation 

(248 © 248)sym = 1 © 3875 © 27000 . (B.5) 
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In order to identify the constraint fIB.ll) we seek within the three hnearly indepen- 
dent singlets flB.4p the two combinations corresponding to the r.h.s. of fIB.Sp . i.e. the 
two singlets descending from the £§(8) representations 1 and 3875 — while the third 
combination corresponds to the singlet descending from the 27000. 

To this end we compute the action of an E8(8) generator tm,a on $cr,r- As 9m 
transforms in the adjoint representation of E8(8), this action can directly be deduced 
from (1A.14I) . The result is given by 

This shows that $12,-12 is an E8(8) singlet, i.e. we have identified the singlet descending 
from the 1 of £3(8) • Applying another generator tn, b on (1B.6P and contracting all free 
indices gives rise to 

n'''^e'''tn,b-tm,a-^a,r = | (12 - (t) ^^^^^ ^(.fc) + 4 (a + r)^^, 

_i (12 - 20a - 19r) ^"^"e'^'' „ ^ . (B.7) 

Note that the operator C = ^^'^e°''^ tn,bim,a acting on $o-,r is proportional to the 
quadratic Casimir of £3(8) • Diagonalizing its action flB.TD we find 

31 

C-$12-12 = 0, C ■ $12 12 = 8 $12 12, C ■ $_9 _108 = $_9 _108 , (B.8) 

' 7 ' 7 7 ' 7 7 ' 133 3 ' 1^3 

and can thereby identify the singlets $12 -12 and $12 12 descending from the 1 and the 

' 7 ' 7 

3875 of E8(8), respectively. 

The full constraint (IB. II) can thus be obtained as the E8(8) orbit of the second 
singlet. The action of two E8(8) generators on $12 12 is given by 



7 ' 7 

■ tm,a ■ $12,12 = —^nm^'^'^9{^Jc)9(^ad) + {t°')nm9a9{ab) (B-9) 
— 6 tba e'^'^ 9m, c 9n,d — 6 9m, b dn, a 

+ 48 eba {t'^)m^ {tl3)kn 9/3 9a + 48 {t'^)m^ {^p)n^ ^k, a9p,b ■ 

By various contractions one finds from this equation and from (1B.6P the different parts 
of (lB.3p . As a result, we give the constraint (IB.ip explicitly in terms of the components 

{9a, 9m,a, 9(ab)}- 

9^"''>9(^,,^ + 12 e'^'^ 9k,c9p,d- 12 9^9"^ = 0, (l,l)(i) 
79^"'^9(^,,) + 12e'''Q''P9k,c9p,d + l29a9'' = 0, (1,1)(3875) 

e'"'9m,c9iad)-^nm''9n,a9a = 0, (56,2) 

I 

0a(^{ab) + Q (ta)™'"' dm,adn,b = 0, (133,3) 

e'''9[m,aOn],b~Qin[Jit%kOa0(3 - tra.ce = 0. (1539,1) (B.IO) 

We have left out the constraint in the (912, 2) which is obtained by the action of 

three E8(8) generators on $12 12. As we shall see in the next section, this part of the 

\ / 7 ' 7 

constraint is automatically satisfied and does not lead to new constraints. 
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B.2 Solving the constraint 

For the explicit solution of flB.10|) . we further break these equations under E7(7) x 
M"*". According to the decomposition (13.541) . we break the vector 9m into components 
(??, ^m, ^, ^a, rjjn, v) defined as 



V 

fjm 



(++) ' 



) ' 



fB.lll 



where we have broken up the SL(2) components introduced in the last subsection. In 
terms of these components, the full set of constraints (IB.lOp takes the form 



rji] - 




= , 


(1?!)) 






1 

= , 


(1(3875) 




VVm- ^Vm + 4 (t")m" Vn 


1 

= , 


(56+1) 




V Vm ^Vm 4 (t )m Vn 


1 

= , 


(56-1) 




^aV + Git^r'^VmVn 


1 

= , 


(133+2 




^a^ + Git^r'^VrnVn 


1 

= , 


(133°) 




^aV + Qitar^'VmVn 


1 

= , 


(133-2 


fj[mVn] gg^mn^ ^VkVp 3(t 


)[m ii^)n]k^P^a ~l" 55 ^mn^ 


1 

= , 


(1539° 



(B.12) 

where again we have left out the two equations in the 912+i which we will justify 
shortly. 

In analogy to the higher-dimensional cases, we start from a given set of 57 param- 
eters rj, rim and try to determine the remaining ones by virtue of (lB.12p . Equation 
(133~2) directly determines 



V 



(B.13) 



With (56 ), we find for r/^ 

fjm 



V 



24 , 



a\ n 
m 



{taf^ Vn Vp Vq ■ 



(B.14) 



Equation (133°) is then automatically satisfied. Its verification requires the vanish- 
ing of the term quartic in 77^ which simply follows from the absence of an adjoint 
representation in the totally symmetric tensor product (56®^)sym- 
Continuing with the 133+^, we obtain after using (IB.lSp . (IB. 141) 

fi OR 

V^a = --{t^r''VnrVne - - {to)'^'' {tP)J {t^)nVkVlipi, ■ (B.15) 
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The last term can be simplified by means of the identity flA.12|) . Multiplying the latter 
with six rjm's, we find 

Equation (IB.lSp can be solved by setting 

V = ---^aC- (B.16) 
r] rj 

We have thus determined all unknown parameters and verified the solution (13.551) . 
It is straightforward to check, that the two singlets in flB.12p are automatically satisfied 
with (lRl3l) . (iRTil) . (iRTeD . Furthermore, the 56+^ reduces to 



= -{vme^(3-8{rU''{t^)n'Vk^a^f3) , (B.17) 



which can be verified upon multiplying the identity (lA.lip with five rjm's. Finally, the 
1539° reduces to 

- trace , (B.18) 

which is another consequence of flA.lip . 

We have thus verified, that the solution flB.13p . flB.14p . flB.16P satisfies all constraint 
equations (lB.12p . In principle, there are two more equations to verify which transform 
in the 912^^. However, with the given solution all constraint equations translate into 
relations among a product of rj^s transforming in the fundamental 56. Since there is 
no 912 representation in the corresponding completely symmetrized tensor products 
of the fundamental 56, every such constraint is automatically satisfied. This finishes 
the proof of f l3.55p . 
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